We study theoretically vibrational modes in a nanowire superlattice consisting of an alternate stacking of two cylindrical layers. We focus on azimuthally symmetric torsional modes and calculate the phonon dispersion relations analytically. We also derive simple expressions for the frequency gaps generated in the nanowire superlattice. Moreover, we calculate the transmittance of phonons propagating through a nanowire superlattice with the finite number of periods. Based on our calculated results, effects of the superlattice longitudinal confinement and the radial confinement are examined.
The aim of the present paper is to study the acoustic phonons in NWSLs theoretically. In particular, we focus on azimuthally symmetric torsional modes. These modes can be excited with the use of a resonator generating torsional vibrations of a suspended wires, which was developed by Cleland et al. 6 As for a "plain" cylindrical isotropic wire with stress-free boundaries, vibrational properties have been already studied. 8, 9 For the azimuthally symmetric torsional modes in the plain wire, it has been shown that displacement and stress fields and also phonon dispersion relation can be analytically obtained. In the present paper, we study analytically these vibrational modes generated in the NWSLs, and examine effects of both the superlattice longitudinal confinement and the radial confinement.
The outline of this paper is as follows: In Sec. II A, we briefly summarize the vibrational modes in a plain wire. In Sec. II B, we develop the mathematical analysis of the phonon dispersion relations of NWSLs and the transmittance of NWSLs with the finite number of periods. Approximate expressions for the gap frequencies are also derived. In Sec. III, the numerical examples based on our formula are presented, and the vibrational properties are discussed. In Sec. IV, a summary and conclusions are given.
II. FORMULATION A. Free isotropic cylinder
For the later use, we summarize in this section results for vibrational modes in a cylindrical isotropic wire with stressfree boundaries. For isotropic materials, it is convenient to apply the potential theory method. 9, 10 The displacement fields u can be expressed in terms of potential functions:
where ẑ is the unit vector in the z direction. Each potential function i ͑i =1, 2, 3͒ satisfies the following wave equation:
͑2͒
where v 1 = v l , v 2 = v 3 = v t are the sound velocities for the longitudinal and transverse modes, respectively. The appropriate solutions of Eq. ͑2͒ are well known, that is,
in cylindrical coordinate. Here C i is a constant, J p ͑k i r͒ is the Bessel function of the first kind, p is an integer representing the p-fold rotational symmetry, q is the wave number in the z direction, and
mean the wave numbers of the longitudinal and transverse modes in the radial direction, respectively. Substitution of Eq. ͑3͒ into Eq. ͑1͒ gives the phonon displacement field u = ͑u r , u , u z ͒ in the cylindrical coordinate:
For p =0 ͑i.e., azimuthally symmetric modes͒, C 2 is decoupled from C 1 and C 3 , and the lattice displacement field u is expressed as
The corresponding stress field r is
where = v t 2 and is the mass density. In the present study, we consider these modes, namely, azimuthally symmetric torsional modes. There are mainly two reasons for considering these modes. First, we can with proceed the analytical calculation also for the NWSLs. Second, a resonator generating the torsional vibrations of a suspended wire was actually developed. 6 For a wire with free boundaries, the components of the stress should vanish at the surface of the cylinder r = R. This boundary condition leads to
where f 2,s is the sth root of the equation J 2 = 0, e.g., f 2,0 =0, f 2,1 = 5.136, f 2,2 = 8.418, etc. From Eqs. ͑5͒ and ͑11͒, the dispersion relation is analytically obtained as
͑12͒
For s = 0, Eq. ͑12͒ becomes
but the corresponding u vanish. However, it is known that the solution
corresponds to s =0 9 . This can be directly confirmed with the substitution of Eq. ͑14͒ into the wave equation. From Eq. ͑12͒, it is found that the lowest frequency for the sth mode is given by
because the wave number q should be a real number for the wire with the infinity length.
B. Nanowire superlattice
Dispersion relation
In this section, we consider the azimuthally symmetric torsional modes in a cylindrical NWSL. The NWSL is modeled as an ideal cylinder with sharp modulation in the longitudinal direction ͓Fig. 1͑a͔͒. In this case, the lattice displacement u ,j and stress z,j defined in the jth layer of the NWSL are expressed in terms of linear combinations of the transmitted and reflected waves propagating along the z axis:
where
Here, a j and b j are the amplitudes of the transmitted and reflected waves, respectively. For given frequencies the wave number q j in the jth layer is determined by the dispersion relation ͑12͒:
where v j is the sound velocity for the transverse mode. In the present system, q j is allowed to be an imaginary number because the jth layer has boundaries in the z direction. The lattice displacement u ,j and stress z,j should be continuous at the interfaces of adjacent layers. This boundary condition can be explicitly expressed as
where 
is the transfer matrix of the jth layer.
Using the transfer matrix, we can derive the phonon dispersion relation of a NWSL consisting of an alternate stacking of two cylindrical layers. If the interfaces between unit periods are labeled with n as shown in Fig. 1͑b͒ , the relation between U n and U n−1 can be written as
͑23͒ where
͑30͒
In the present system with discrete translational symmetry, the lattice displacement u ,n and stress z,n have to satisfy Bloch's theorem,
where K is the Bloch wave number due to the superlattice modulation, which is determined by the periodic boundary condition, U n+N = U n . On the other hand, the relation between U n and U n−1 was already given in Eq. ͑23͒. ͯϾ1.
͑35͒
When s =0, can be written as
with the acoustic impedance
In other words, means the acoustic mismatch between the constituent layers of the NWSL.
Approximate expression for the gap frequency
Here, we derive approximate expressions for the gap frequencies. These are useful in understanding the coupling of the longitudinal confinement to radial confinement.
For s = 0, Eq. ͑33͒ becomes the same form as the expression for the dispersion relation of the phonons normally propagating through the one-dimensional SL. 11 The second term on the right-hand side of Eq. ͑33͒ can be regarded as a small perturbation because the acoustic mismatch is small for most of the SLs, that is,
Thus, the frequency at the center of the mth frequency gap is given by
This frequency is known as the Bragg frequency. Even if s 0, the second term on the right-hand side of Eq. ͑33͒ is still expected to be a small perturbation though depends on the frequency. The frequency at the center of the mth frequency gap is approximately determined by
With the use of Eqs. ͑29͒ and ͑30͒, this equation becomes
͑40͒
Equation ͑40͒ can be approximated as
Solving Eq. ͑41͒ within the present approximation, we obtain the expression for the Bragg frequency of the NWSL,
It is found that the second term in Eq. ͑43͒ gives the correction due to the radial confinement of phonons. The condition ͑42͒ for the validity of Eq. ͑43͒ can be rewritten as
because typical frequencies we are interested in are around the Bragg frequency, that is,
In other words, the analytical expression ͑43͒ is valid when the effect of the radial confinement is regarded as a small perturbation. Next, let us estimate the width of the mth frequency gap. Expanding Eq. ͑33͒ around m and neglecting small contribution terms, we have
͑46͒
The derivation of Eq. ͑46͒ is given in the Appendix. From this equation, it is shown that Eq. ͑35͒ is satisfied for the frequency window,
That is, the frequency window defined by Eq. ͑47͒ gives the mth frequency gap, or Eq. ͑48͒ represents half of the width of the gap.
Transmittance and reflectance
Next, we consider the case of a periodic NWSL sandwiched between S and D ͓see Fig. 1͑b͔͒ , that is, the NWSL has a finite number of period. For this system, the phonon properties are determined in terms of the transfer matrix for the NWSL with N period,
.
͑49͒
The matrix elements of M SL can be calculated analytically as 
͑56͒
The frequencies satisfying the condition ͉m 11 + m 22 ͉ /2 Ͼ 1͉͑m 11 + m 22 ͉ /2ഛ 1͒ are inside the frequency gaps ͑bands͒, as shown in Eq. ͑35͒. Within the frequency bands, P / D is equivalent to the Bloch wave number K ͓see Eq. ͑33͔͒. Within the frequency gaps, on the other hand, P / D represents the decay factor, or the imaginary part of the wave number.
With the use of the transfer matrix, the relation between U S ͑0͒ in the substrate and U D ͑ND͒ in the detector layer is expressed as
Here, U S and U D are expressed in terms of the transmission amplitude t͑͒ and reflection amplitude r͑͒, respectively, 
͑61͒
The energy transmittance T͑͒ ͓reflectance R͔͑͒ is defined as the ratio of the energy fluxes of incident and transmitted ͑reflected͒ phonons:
For simplicity, we consider the case in which S = D = A. In this case, Eq. ͑62͒ can be expressed in a simpler form
The effect of the multilayer structure is included in S͑N͒.
Inside the frequency gap, it is found that
because S͑N͒ ϰ e NP ͓see Eq. ͑54͔͒. Inside the frequency band, on the other hand, T͑͒ = 1 is realized. In particular, T͑͒ becomes exactly unity for the frequencies satisfying sin͑NP͒ = 0, i.e., P = j N ͑j = 0,1,2,…͒. ͑66͒
III. NUMERICAL EXAMPLES AND DISCUSSION
With the use of nanocluster catalysts, semiconductor NWSLs from group III-V and group IV materials have been synthesized. [1] [2] [3] [4] The radius of the NWSL is determined by the diameter of the nanocluster catalyst. On the other hand, the superlattice periodicity can be controlled by growth time. Typical dimensions have been nanowire radii of 10-50 nm and layer widths of 1-100 nm.
As a numerical example, we present in Fig. 2 the phonon dispersion relations calculated for a NWSL consisting of the alternate stacking of GaAs and AlAs, which have been well studied in planar structures. 11 In plain wires, there is no fundamental length scale within the continuum model. That is, the solution of the problem at one length scale ͑radius R͒ determines the solution at all other length scales. In NWSLs, on the other hand, the ratio between the radius R and the periodicity D becomes important. As the first example, we assumed that R =5D = 42.5 nm in Fig. 2 . As shown in Eq. ͑11͒, the wave vector in the radial direction, k t , is quantized due to the radial confinement. We show the results for the first three modes ͑s =0, 1, 2͒. The overall structure of each phonon dispersion relation can be roughly understood by the folding of the dispersion curves for a homogeneous cylinder into a mini-Brillouin zone ͑BZ͒ determined by the periodicity D of the NWSL. In this folded dispersion relation, the frequency gaps are generated at the center and edges of the mini-BZ due to Bragg reflections. As a result, the miniband structures are generated.
The frequency at the center of the mth frequency gap and the width of the frequency gap are given in Eqs. ͑43͒ and ͑48͒, respectively. Equation ͑43͒ shows that the Bragg frequency due to the superlattice longitudinal confinement is determined by the radius R of the NWSL. The frequency gaps determined by these approximate formulas are also shown in Fig. 2 ͑solid vertical lines͒. In the present example, the frequency gaps are well reproduced with the approximate formulas. These approximate formulas are valid when the condition ͑44͒ is satisfied, i.e., the effect of the radial confinement is regarded as a small perturbation. In the example illustrated in Fig. 2 , this condition is satisfied. In a given structure of the NWSL ͑with fixed R and D͒, the approximation becomes accurate for smaller s and larger m ͑i.e., higher frequency gap͒. For the NWSL with smaller R, the discrepancy becomes larger. As such an example, we show the dis- persion relations calculated for a NWSL with R = D. For s ജ 1, the lowest frequency of each band is high compared with Fig. 2 , because the wave length in the radial direction is smaller. The gap width depends on s strongly in NWSLs with smaller R. This s dependence is due to the higher order terms of ͑f 2,s D / mR͒ 2 . Within the approximation we used, the gap width is independent of s, as shown in Eq. ͑48͒.
As mentioned before, the wave vector q I ͑I = A , B͒ defined within the layer I is allowed to be an imaginary number.
When ജ v I f 2,s / R ϵ I , q I is a real number and the dependence of the displacement on z has an oscillatory nature in the layer I ͓see Eq. ͑19͔͒. When Ͻ I , on the other hand, q I becomes an imaginary number and the displacement decays exponentially in the layer I. Thus, the displacement pattern is qualitatively different with the frequency range. The expression for the phonon dispersion relation ͑33͒ can be explicitly rewritten as For s = 0, there is no region determined by A ഛ ഛ B because f 2,0 = 0. Thus, the wave vector q I defined within each layer is always a real number. For s = 1, the line = B intersects the lowest frequency band. That is, in the lowest frequency band, the displacement pattern is different depending on whether the frequency is higher than B or not. Below B , the wave vector q B becomes an imaginary number in this band. For s = 2, the lowest frequency band is entirely located below B . Therefore, the wave vector in a layer with the lower sound velocity becomes an imaginary number in this band.
As we saw, there is a case where the wave vector defined in a layer becomes an imaginary number. However, the Bloch wave number K defined by Eq. ͑33͒ is a real number in the frequency band. In the frequency gap, on the other hand, the Bloch wave number becomes an imaginary number. Such a vibrational mode is not allowed for the system with the infinite period. However, this mode may exist in NWSLs with the finite period. In Fig. 4 , we show the transmittance calculated for a NWSL with N = 8. We can see the large dips corresponding to the frequency gap. Transmittance has a nonvanishing value even in the frequency gap. This is due to the finite length in the longitudinal direction. The transmittance within the frequency gap is given by Eq. ͑65͒. In Eq. ͑65͒, P means the decay factor of phonon displacement, which is defined by Eq. ͑56͒. In general, this decay factor has larger value in the wider frequency gap. Thus, the value of the transmittance becomes considerably small within the wide frequency gaps, such as the lowest gaps shown in Figs. 4͑b͒ and 4͑c͒. 
IV. CONCLUDING REMARKS
In the present paper, we studied the vibrational modes in a NWSL. The NWSL is modeled as an ideal cylinder with sharp modulation in the longitudinal direction. The eigenfrequencies of the vibrational modes in the NWSL are labeled with five quantum numbers: p, s, m, K, and ᐉ, where p rep- resents the p-fold rotational symmetry around the longitudinal axis, s orders the roots of the Bessel functions and is due to the radial confinement, m labels the minibands and K is the Bloch wave number due to the superlattice modulation, and remaining ᐉ we labeled here represents the polarization ͑i.e., torsional or dilatational modes͒. For the azimuthally symmetric torsional modes, we calculated the phonon dispersion relations analytically. We also calculated the transmittance of these phonons propagating through a NWSL with a finite number of periods. In addition, we derived the simple expression for the frequency gap. Our formulas are helpful in understanding the effects of the superlattice longitudinal confinement and the radial confinement. These formulas are also relevant for design of optimized phonon optics devices for coherent phonon generation or control, such as mirrors, filters, and also resonators. These are applicable to the micro/ nano electromechanical systems.
The results calculated analytically in the present paper are limited to the azimuthally symmetric torsional modes whose displacements are perpendicular to the z axis. For these modes, it was possible to proceed the analytical calculation. The analysis of other modes can provide complementary information for fundamental understanding of the vibration generated in the NWSLs, though the analytical formulas cannot be obtained. The results calculated numerically for other modes will be given elsewhere.
